We obtained a formula showing the decrease of the energy gap at finite temperatures for . a superconductor in the presence of a static ·magnetic field. We calculated the decrease up to the second order in the field strength both in the London limit and the Pippard limit. In the London limit there appear terms depending on A 2 as well as B 2 • ·Near the absolute zero of temperature, .we determined the temperature dependence of them explicitly. The results agree with Nambu and Tuan's, as the temperature tends to zero.
Recently Gupta and Mathur/) and Nambu and Tuan 2 ) calculated the decrease of the energy gap at zero temperature for a bulk superconductor in the presence of a static external magnetic field, to the second order in the field strength. Two results do not agree with each other. Especially in the London limit (~0q<l) they show the essentially different dependence upon the magnetic field. The result of GM is o(J 2 (0)) ~ -e 2 vF 2 /A(q) 1 2 and that of NT is o(L1 2 (0)) ~ -e 2 vF 2 (~0qYJA(q)j 2 = -e 2 v/~o 2 IB(q) 1 
2
, where J(O) is the energy gap at zero temperature, vF the Fermi velocity, ~0 the coherence distance, and A(q) the Fourier component of the vector potential in the medium. It is reasonable to infer that the amount of this decrease is proportional to JB(q) l 2 at zero temperature as given by the result of NT. For temperatures near the critical point, Gor'kov 3 ) calculated the variation of the energy gap using the method of the thermal Green's functions. He also derived the Ginzburg-Landau equation. 4 ) In this paper, starting with Gor'kov's equations, 3 ) we intend to extend the results of NT to the case of finite temperatures, 5 ) and to generalize the GinzburgLandau equation. In § 2, considering the vector potential A(r) weak and using the Coulomb gauge div A= 0, we give the formulae of the variation of the gap, up to the second order in the field strength. Due to the Coulomb gauge, the first order variation of it becomes automatically zero. In § 3, we calculated both the London limit (~0q<l) and the Pippard limit (~oq';J;> 1), assuming the gap as spatially constant. It is shown that the expression for the second order variation of the gap has terms proportional to JA(q) 1 2 as well as to JB(q) / 2 at finite temperatures in the London limit. For temperatures sufficiently below the transition point, their changes with the temperature are given explicitly.
They tend to the results of NT when the temperature approaches zero. In § 4, the generalized Ginzburg-Landau equation and the current density are derived, using the solution for L1 (l). This equation is valid for all the temperatures below the transition point. Near the critical temperature this equation is completely identical with the GLG equation. In § 5, some discussions are given.
· § 2. Energy gap parameter
As is well known, Gor'koy's equations for thermal Green's functions G.,n (r, r') and F.,; (r, r') are written as follows ;*)
where Wn= (2n+ l)n:T, n is an integer, Ll(r; T) is the energy gap parameter and g is the constant expressing the effective interaction strength which is taken to be positive. A(r) is the vector potential in the medium which consists of the external potential and the potential induced by the supercurrents. Assuming that A(r) is weak, let us expand G"' (r, r'), Fw + (r, r') and L1 (r; T) in power senes of A(r):
Substituting (2) into (1), we obtain a set of coupled equations for each other.
It is very easy to solve them and then we merely write down the results. Due to the Coulomb gauge divA= 0, the first order change of the energy gap Ll1 disappears. And so the Fourier component of the first order quantity G1"' is written as follows:
where
*) Hereafter we use the units of h =kB=c=l. And " + " denotes hermitian conjugate and "*" denotes complex conjugate.
We use the notation that fp = p 2 /2m-fl. and
The second order change of the energy gap J 2 can be expressed. in the following way :
and
It is seen from ( 4) that J 2 (r; T) is real. The quantities in the bracket sum over p of (6) correspond to the longitudinal response function giving rise to the electronic polarizability. The expression for G 2 ro (p, p') becomes
.
(7) § 3. London limit and Pippard limit
In this section, we calculate the spatially constant part of Jz (l; T), namely J 2 (O; T), for the London limit and the Pippard limit. Here we neglect the terms of order Jo ( T) / (}) D· a) London limit (g: 0 q~l,g: 0 =vpjn:Jo(T)): we expand the integrands of (5) and (6) in powers of q and retain terms of order q
•
After some calculations, we obtain
2rc
.,
Next we calculate ri 1 (l, q). It is easily seen that ri 1 (0, q) = oi 1 r (0, q). And also rzz(O; q) is meaningless due to the Coulomb gauge if we choose the z-axis in the direction of the vector q. Then
Substituting- (8) and (9) into ( 4), we obtain
where (11) Here we use the reality condition A*( -q) =A(q) of the vector potential A(r). The formula (10) is valid within a temperature range such as J 2 (T)<Jo(T). As will be sho'Yn in the Appedix, we can explicitly determine the temperature dependence of J2 (T) near absolute zero of temperature.
The result comes out to be In the Pippard limit our result also agrees with that of NT at zero temperature.
As is well-known, most superconducting materials are of the Pippard type. There have appeared a lot of experimental works which support the semi-microscopic theory of Ginzburg and Landau given for superconductors of the London type. Next we would like to examine the Ginzburg-Landau equation from our heuristic microscopic point of view. § 4..
Ginzburg-Landau equations
In this section, starting with ( 4), we intend to extend the Ginzburg-Landau equations. Supposing that the vector potential A(r) and the energy gap parameter .:1 (r) are slowly varying functions, we expand (5) and· (6) in powers of q and l, and retain terms of order q\ ql and l
•
The results are 
u=O After substituting (15) and (16) into the equation 
EF j 2Ep Jo
Thus we obtain + nJo 2 (_B_) 23) were ).L is the London penetration depth of a field and n is the electron density of the syste1n.
Next let us calculate the current density which is written by
The Fourier component of J(r) is
Expanding (24) in powers of A, and retaining terms of order A\ we obtain with the help of (2) and (7), We can show that the extended GL equations are completely identical with Ginzburg-Landau-Gor'kov equations, when the temperature tends to that of the transition point. In fact, we may neglect terms of
where ( (n) is the Rieman's (-function. Introducing the Ginzburg-Landau "wave function" ?Jf(r) by
we obtain
Here the last term of (23) is small to be neglected and the parameter A is equal to 7((3) EF/6(nT) 2 just as the same form defined by Ginzburg and Landau. These are nothing but the GLG equations.
As the temperature decreases from Tc, the last term of (23) (32) 4m 2m
As the part of the kinetic energy in (31) is very small, we can neglect it. Therefore the solution of (31) is (33) This of course agrees with (12) exactly. § 5. Discussions
After Gor'kov derived the GL equation from the viewpoint of the microscopic theory, some people tried to extend the GLG equation by methods similar to Gor'kov's. But they could not obtain satisfactory results. Gor'kov expanded the thermal Green's function in terms of the energy gap parameter. At low temperatures this expansion cannot be justified because the energy gap is not considered as small. We ought to make the expansion considering the BCSstate as the unperturbed state. This is the main ·reason why the previous attempts are not satisfactory.
Starting with Eq. ( 4), we could extend the GL equation which is capable of taking account of the essential effects characteristic of low temperatures. These effects are included in a new term of Eq. (23). This equation is valid for the whole temperature range below the critical point as long as the field is weak, and leads to the GLG equation near the critical temperature.
The expression for the current density agrees with the Ginzburg-Landau's expressiOn.
The magnetic field dependence of the energy gap at finite temperatures are given by (40), (10), (33) and (13) up to the second order in the field strength.*> It is worth while to notice that J (T) in the London limit has terms depending on A 2 as well as on B 2 at finite temperatures. Near absolute zero of temperature we could find the temperature dependence of them. The There remains a problem of including the size effect. For a film of a superconductor whose thickness is comparable to or larger than the penetration depth of the field, this effect is considered by solving the Maxwell· eq~ation simultaneously using (32) and (33). For a very thin film of a supercondctor, we must consider the spatial variation of IJfo.
In this appendix we calculate (11), the function In, near the ·absolute zero 
As we wish to obtain the dominant temperature dependence, we take 'only the leading term for K 0 (a). Then
Therefore
